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. [TA03], $[\mathrm{T}03\mathrm{a}]$ Bhattacharyya








, . . $\mathcal{X}\subset \mathbb{R}^{1}$
$(\mathcal{X}, B)$ $P=\{P\theta : \theta\in\Theta\}$ , $\sigma$- $\mu$
, $\mu$ $f$ (x, $\theta$) $:=dP\theta/d\mu$ . , $\Theta$ $\mathbb{R}^{1}$
. , $(\mathcal{X}, B, P_{\theta})$ $X$ $\theta$
$g(\theta)$ . .
(A1) $x\in \mathcal{X}$ , $f$ (x, $\theta$) $\theta$ $k$ .
(A2) g( , $g(\theta)$ $\hat{g}(X)$ .
(A3) $i=1,$ $\ldots,$ $k$
$\frac{d^{i}}{d\theta^{1}}$. $\int_{X}f(x, \theta)$d$\mu(x)=\int_{\mathcal{X}}\frac{\partial^{i}}{\partial\theta^{i}}f(x, \theta)$ d$\mu$ (x),
$\frac{d^{i}}{d\theta^{i}}\int_{X}\hat{g}$(x) $f(x, \theta)$d$\mu(x)=\int_{\mathcal{X}}\hat{g}$ (x) $\frac{\partial^{i}}{\partial\theta^{i}}f(x, \theta)$ d$\mu$(x).
(A4) $\theta\in\Theta$ , $i,j=1,$ $\ldots,$ $k$
$\int_{X}|\frac{(\partial^{\dot{\iota}}/\partial\theta^{i})f(x,\theta)(\theta^{i}/\partial\theta^{j})f(x,\theta))}{f(x,\theta)}|d\mu(x)<\infty$.
(A5) $\mu-a.a.x\in \mathcal{X}$, $\theta\in\Theta$ $f$ (x, $\theta$ ) $>0$ .
$\phi_{i}(x, \theta):=\frac{(\partial^{i}/\partial\theta^{i})f(x,\theta)}{f(x,\theta)}$ , $\overline{\phi}_{k}(x, \theta):={}^{t}(\phi_{1}(x, \theta),$
$\ldots,$
$\phi_{k}(x, \theta))$ ,
$g^{(i)}( \theta):=\frac{d}{d\theta}g(\theta)$ , $g_{k}(\theta):={}^{t}(g^{(1)}(\theta),$ $\ldots,g^{(k)}$ ( )
, $k$ Fisher
$I_{k}(\theta):=E_{\theta}$ [$\overline{\phi}_{k}(X,$ $\theta)^{t}\tilde{\phi}_{k}$ (X, $\theta)$ ]
.
1(Bhattacharyya[B46], Zacks [Z71]). $(\mathrm{A}1)\sim(\mathrm{A}5)$ , (i), (ii) .
(i) Ik( $\Theta$ , $g(\theta)$ $\hat{g}(X)$
(2.1) $\mathrm{V}\mathrm{a}\mathrm{r}_{\theta}(\hat{g}(X))\geq t$gk $(\theta)$I$k(\theta)-1$gk $(\theta)=:B_{k}(\theta)$ $(\forall\theta\in\Theta)$
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. , $B_{k}$ (\mbox{\boldmath $\theta$}) $k$ Bhattacharyya . $k=1$
, $B_{1}$ ( Cram\’er-Rao .
(ii) (2.1) , $\tilde{a}k(\theta):={}^{t}(ak1(\theta),$ $\ldots$ , akk( )
(2.2) $\hat{g}(x)-g(\theta)=<\tilde{a}$k $(\theta)$ , $\tilde{\phi}$k(x, $\theta$ ) $>$ $(\mu- a.a.x\in \mathcal{X}, \forall\theta\in\Theta)$
. : $>$ $a={}^{t}(a_{1}, \ldots , a_{n}),$ $b=$ (b1, . . . , $b_{n}$ )
$a,$ $b>:= \sum_{i=1}^{n}a_{i}b_{i}$
.
1 $f(x$ , , $\tilde{a}k(\theta)=Ik(\theta)^{-1}gk$ (\mbox{\boldmath $\theta$}) .
, (i) (A5) (A5)
(A5)’ $f$ (x, $\theta$) { $x\in \mathcal{X}|f($x, $\theta)>0$} $\theta$ .
, (ii) (A5) .
1( ). $X$ $N$ (\mbox{\boldmath $\theta$}, 1) $(\theta\in\Theta=\mathbb{R}^{1})$ .
, $g(\theta)=\theta^{2}$ , $g(\theta)$ UMVU $\hat{g}(X)=X^{2}-1$ ,
$\mathrm{V}\mathrm{a}\mathrm{r}_{\theta}(\hat{g}(X))=4\theta^{2}+2$ . , 1 , 2 Fisher $I_{1}$ (\mbox{\boldmath $\theta$}), I2(
$I_{1}(\theta)=1$ , $I_{2}(\theta)=(\begin{array}{ll}1 00 2\end{array})$
, $B_{1}(\theta)=4\theta^{2},$ $B_{2}(\theta)=4\theta^{2}+2$ . , 1 , 2
. (2.2) a\tilde k( $(a_{21} (\theta), a_{22}(\theta))=(2\theta, 1)$ .
2( ). $X$ $Exp(\theta)(\theta\in\Theta= (0, \infty))$ .
, $g(\theta)=\theta^{k}(k\in \mathrm{N})$ , $g(\theta)$ UMVU $\hat{g}(X)=X^{k}/k!$





. $k$ Bhattachar a , $B_{k}(\theta)=\theta^{2k}\{(2k)!/(k!)^{2}-1\}$ , $\hat{g}(X)$
. (2.2) a\tilde k( $akj(\theta)=k!\theta^{k+:}/\{(k-i)!(i!)^{2}\}$
$(i=1, \ldots, k)$ .
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3( ). $X$ $B$ (n; $\theta$) $(\theta\in\Theta= (0, 1))$ .
$n\geq 2$ . , $g(\theta)=\theta(1-\theta)$ , $g$ (\mbox{\boldmath $\theta$}) UMVU
$\hat{g}(X)=X(n-X)/\{n(n-1)\}$ . ,
,(g^( )) $= \frac{\theta(1-\theta)(1-2\theta)^{2}}{n}+\frac{2\theta^{2}(1-\theta)^{2}}{n(n-1)}$
. , 1 , 2 Fisher
$I_{1}( \theta)=\frac{n}{\theta(1-\theta)}$ , $I_{2}( \theta)=(7\theta 1\neg\frac{n}{0}\theta$ $\mathrm{A}_{\theta(1-\theta)}^{2nn-1}40)$
, 1 , 2 Bhattacharyya
$B_{1}( \theta)=\frac{\theta(1-\theta)(1-2\theta)^{2}}{n}$ , $B_{2}( \theta)=\frac{\theta(1-\theta)(1-2\theta)^{2}}{n}+\frac{2\theta^{2}(1-\theta)^{2}}{n(n-1)}$
. (2.2) $\tilde{a}k(\theta)$
$(a_{21}(\theta), a_{22}(\theta))$ $=( \frac{\theta(1-\theta)(1-2\theta)}{n},$ $- \frac{\theta^{2}(1-\theta)^{2}}{n(n-1)})$
.
, .
$f(x, \theta)=\exp\{t(x)\psi(\theta)+\varphi(\theta)\}$ $(x\in \mathcal{X}, \theta\in\Theta)$ .
$\varphi’(\theta)/\psi’(\theta)=\theta$ , 1/\psi ’( $\theta$ 2 . Seth [S49]
Fisher . Shanbhag [S72]
, , , , ,
. Fisher ,
, Bhattacharyya
. Blight and Rao [BR74], Khan [K84]
, Bhattachax a UMVU
(Ishii [I76], Bartoszewicz [B80], Abdulghani et al. [AST97]). Bhattacharyya
, . ,
5, 6 . ,
Bhattacharyya , Bhght and Rao Ghosh
and Sathe [GS87] .
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2(Gho8hand Sathe [GS87]). $X$ .





3(Fend [F59]). (i) $X$ Darmois-Koopman ,
$f(x, \theta)=\exp\{\sum_{i=0}^{n}u^{\alpha:}(x)\kappa_{i}(\theta)+v(x)\}$ $(x\in \mathcal{X}, \theta\in\Theta)$
. $0=\alpha_{0}<\alpha_{1}<\cdots<\alpha n’$ $\kappa_{n}’(\theta)\neq 0(\forall\theta\in\Theta),$ $u(x)>0$
$(\forall x\in \mathcal{X})$ . g( $\hat{g}(X)$ ( $Bk$-,( ) $B_{k}$ ( \mbox{\boldmath $\theta$})
, $f$ (x, $\theta$)
(2.3) $f(x, \theta)=\exp\{t(x)\kappa_{1}(\theta)+\kappa_{0}(\theta)+h(x)\}$
, $\hat{g}(x)\mathrm{F}$f $t$ (x) $k$ .
(ii) $X$ (2.3) , $t(x)$ $k$ $B_{k}$ (\mbox{\boldmath $\theta$})
.





. , $\hat{g},$ $g$ , $aki$
$B$k $:=$ { $f(\cdot,$ $\cdot)|(2.2)$ is satisfied for $\mu-$a. $a.x\in \mathcal{X}$ , all $\theta\in\Theta$ }
. , $\hat{g},$ $g$ . , $C_{k}:=$ (C1, ... , $C_{k}$ ) $(Cj\in \mathbb{R}^{k}$
$(C_{k}\neq 0),$ $C_{0}\in \mathbb{R}^{1}$ $t_{k}:=$ (t, $t^{2},$ $\ldots,t$k) , $x$ $t$ $k$
(3.1) $\hat{g}(x)=<Ck,$ $t_{k}>+C_{0}$
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$t_{l}(x)(l=1, \ldots, k)$ , $fi$ (x,
$f_{l}(x, \theta):=\exp\{t_{l} (x)\psi(\theta)+\varphi(\theta)\}$
,
$\mathcal{X}M\sim=$ { $x\in \mathcal{X}|$tl1 $(x)\neq t\iota_{2}(x)$ for all $l_{1},$ $l_{2}=1,$ $\ldots$ , $k(l_{1}\neq l2)$ }
. $(\mathrm{B}1)\sim(\mathrm{B}3)$ .
(B1) $\psi(\theta),$ $\varphi(\theta)$ $\Theta$ $k$ , $\psi’(\theta)\neq 0(\forall\theta\in\Theta)$ .
(B2) $\mu(\mathcal{X}_{M_{\mathrm{k}}}^{c})=0$.
(B3) $\#\{t\iota(x)|x\in \mathcal{X}\}\geq k+1$ $(l=1, ...,k)$ .
, .




1 (B1) , $l=1,2$, . . . , $k$
$\tilde{\phi}$
kl $(x, \theta)=U_{k}(\theta)t_{kl}(x)+u_{k}(\theta)$ $(\forall x\in \mathcal{X},\forall\theta\in\Theta)$
$x,$ $l$ $k$ $U_{k}$ (\mbox{\boldmath $\theta$}), $k$ uk( .
2 (B1), (B3) , $f_{1}\in B_{k}$ , $f_{l}\in B_{k}(l=1, \ldots, k)$ .
3 $(\mathrm{B}1)\sim(\mathrm{B}3)$ , $f_{l}$ (x, $\theta$) $(l=1, \ldots, k)$ $\mu- a.a$.x .
2, 3 .
4(Tanaka $[\mathrm{T}03\mathrm{a}]$ ). $(\mathrm{B}1)\sim(\mathrm{B}3)$ . $f_{1}\in B_{k}$ , $f\in B_{k}$
$f(x$ , $= \sum_{l=1}^{k}A_{l}(x)fi(x, \theta)$
. $A_{l}(x)(l=1, \ldots, k)$ . $f(x$ ,
, $k$ Bhattacharyya .
$k=2$ , $\tilde{\phi}21$ (x, $\theta$ ) , .
88
1 (Tanaka and Akahira [TA03]). $(\mathrm{B}1)\sim(\mathrm{B}3)$ . $f\in \mathcal{B}_{2}$
$f(x, \theta)=\sum_{l=1}^{2}A_{l}(x)fi(x, \theta)$
, $C_{0},$ $C_{1},$ $C_{2},$ $g$ (\mbox{\boldmath $\theta$}), $a21$ (\mbox{\boldmath $\theta$}), $a_{22}$ (




, , . Bhattacharyya
.
1( ( )). $X$ $N$ (\mbox{\boldmath $\theta$}, 1) $(\theta\in\Theta=\mathbb{R}^{1})$ ,
$g(\theta)=\theta^{2}$ UMVU $\hat{g}(X)=X^{2}-1$ , 2 Bhattacharyya
. , $f_{1}$ (x, $\theta$) $=\phi(x-\theta)\in B_{2}$ . , $\phi(\cdot)$
. 4 $f\in B_{2}$
$f$ (x, $\theta$ ) $=p(x)\phi(x-$ $q(x)\phi(x+$
. $f(x$ , $p(\cdot),$ $q(\cdot)$
,
(4.1) $p(x)+q(-x)=1$ , $0\leq p(x)\leq 1$ $(\mu- a.a.x\in \mathbb{R}^{1})$
. , (4.1) $f$ (x, $\theta$ ) 2 Bhattachar $\mathrm{a}$





. 2 Bhattacharyya (2.1) $B_{2}(\theta)=4\theta^{2}+2$ , $\hat{g}(X)$
. $f$ (x, $\theta$) 1 .
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(I) $p(x)=c$
(i) $\theta=1;c$ =1,3/4, 1/2 (ii) $\theta=2;c$ =1,3/4, 1/2
–: $c=1$ –: $c=3/4$ ——- : $c=1/2$
(II) p(x)=e-c
(i) $\theta=1;c$ =0,1, 2 (ii) $\theta=2;c$ =0,1, 2
$x$
–: $\mathrm{c}=0$ –:$c=1$ ——- : $c=2$
(III) $p(x)=1/\{1+(x-c)^{2}\}$
(i) $\theta=1;c$ =0,1, 2 (ii) $\theta=2;c$ =0,1, 2
–: $c=0$ $-=c=1$ ——-: $c=2$
1. $f(x$ ,
71
2( , ( )). $X$ $Exp(\theta)(\theta\in\Theta=(0, \infty))$
, $g(\theta):=\theta^{k}$ UMVU $\hat{g}(X)=X^{k}/k!$ . $\hat{g}(x)=t^{k}/k!$
$t$ ,
$t_{l}(x)=x \exp(2\pi\sqrt{-1}\frac{l-1}{k})$ $(l=1, \ldots, k)$
. $\sqrt{-1}$ . $f1$ (x, $\theta$ ) $=\exp\{-(x/\theta)-\log\theta\}$ ,
$\psi(\theta)=-1/\theta,$ $\varphi(\theta)=-\log\theta$ . ,
$f_{l}$ (x, $\theta$) $:=\exp\{$x $\exp(2\pi\sqrt{-1}\frac{l-1}{k})\psi(\theta)+\varphi(\theta)\}$ $(l=1, \ldots, k)$
. $f1\in B_{k}$ , 4 $f\in B_{k}$
$f(x, \theta)=\sum_{l=1}^{k}A_{l}(x)fi(x, \theta)$
. $f(x$ , , $A_{l}(x)(l=1, \ldots, k)$
$f$ (x, $\theta$ ) .
(i) $k$ ( ).
$A_{l}(x)=\{$
$\chi$1(0,\sim )(x) $(l=1)$ ,
0 $(l\neq 1)$ .
(ii) $k\mathrm{B}\dagger\sqrt \text{ }(.\mathrm{f}\underline{\mathrm{f}\mathrm{i}\text{ }\mathrm{f}\mathrm{f}\mathrm{i}\mathrm{f}\mathrm{f}\mathrm{l}^{1}\mathit{1}\mathrm{P}_{\mathrm{B}}\text{ }t_{\mathrm{J}}^{\backslash }\hslash^{arrow}\text{ }).}$
$(0, \infty)$ $0\leq A(x)\leq 1$ ( $\mu- a.a$.x) $A(x)$
$A_{l}(x)=\{$
$A(\prime x)\chi_{(0,\infty)}(x)$ $(l=1)$ ,
$\{1-A(-x)\}\chi(-\infty,0)(x)$ $(l=k/2+1)$ ,
0 $(l\neq 1, k/2+1)$ .












$-x_{4}$ $-x$ $-x_{2}$ $-x_{1}$ $\mathrm{O}$ $x_{1}$ $x_{2}$ $x_{3}$ $x$4
2. $A(x)= \sum_{i=1}^{4}a$i $\chi$($x:-1$ ,x:)(x) $f(x$ ,
3( ( )). $X$ $B$ (n; $\theta$) $(\theta\in\Theta=(0,1))$
, $g(\theta)=\theta(1-$ UMVU $\hat{g}(X)=X(n-X)/\{n(n-1)\}$ . ,
$t_{1}(x)=x,$ $t_{2}(x)=n-x$ . $n$ (B2) , 4 $f\in B_{2}$
$f(x, \theta)=(\begin{array}{l}nx\end{array})$ $\{p(x)\theta^{x}(1-\theta)^{n-x}+q(x)\theta^{n-x}(1-\theta)^{x}\}$
. $n$ (B2) , $f\in \mathcal{B}_{2}$
$f(x, \theta)=(\begin{array}{l}nx\end{array})$ $[\{p(x)\theta^{x}(1-\theta)^{n-x}+q(x)\theta^{n-x}(1-\theta)^{x}\}\chi\{x\neq n/2\}$ (x)
$+\{p$ $( \frac{n}{2})\theta$n/2 $(1-\theta)n/2+q$ $( \frac{n}{2})\theta$n/2 $(1- \theta)^{n/2}\log\frac{1-\theta}{\theta}\}\chi${$x=$n/2}(x) $]$
, $f$ (x, $\theta$) $\geq 0(\forall x=0,1, . . . , n,\forall\theta\in\Theta)$ $q(n/2)=0$ ,
. $f(x$ ,
,
(4.2) $p(x)+q(n-x)=1$ , $0\leq p(x)\leq 1$ $(x=0,1, . ..,n)$
. , (4.2) $p(\cdot),$ $q(\cdot)$ $f(x$ , 2 Bhattacharyya
.
, 4 , ,
73
, Bhattacharyya .
4( ). $J_{x}(\theta)(x\geq 0)$ 1 $x$ Bessel ,
$\ovalbox{\tt\small REJECT}(\theta)=(\frac{\theta}{2})^{x}\sum_{n=0}^{\infty}\frac{(-1)^{n}}{n!\Gamma(n+x+1)}(\frac{\theta}{2})^{2n}$
. (Jx( 3 .) Jx( Bessel
$x^{2}- \theta^{2}=\theta\frac{(\partial/\partial\theta)f(x,\theta)}{f(x,\theta)}+\theta^{2}\frac{(\partial^{2}/\partial\theta^{2})f(x,\theta)}{f(x,\theta)}$
. $J_{2x}$ (\mbox{\boldmath $\theta$}) (Abramowitz and Ste-
gun [AS65] $)$ .
(4.3) 2 $\sum_{x=1}^{\infty}J_{2oe}(\theta)=1-J_{0}(\theta)$,
(4.4) 8 $\sum_{x=1}^{\infty}x^{2}J_{2x}(\theta)=\theta^{2}$ ,
(4.5) 32 $\sum_{x=1}^{\infty}x^{4}J_{2x}(\theta)=\theta^{4}+4\theta^{2}$ .




(4.3) $f$ (x, $\theta$ ) . Fisher I2(\mbox{\boldmath $\theta$})
$I_{11}( \theta)=’\frac{J_{0}^{2}(\theta)}{J_{0}(\theta)}+2L(\theta)$ , $I_{12}( \theta)=’\frac{J_{0}(\theta)J_{0}(\theta)}{J_{0}(\theta)},,+2M(\theta)$, $I_{22}( \theta)=’\frac{J_{0}^{\prime 2}(\theta)}{J_{0}(\theta)}+2N(\theta)$
.
$L( \theta):=\sum_{x=1}^{\infty}\frac{J_{2x}^{\prime 2}(\theta)}{J_{2x}(\theta)}$, $M( \theta):=\sum_{x=1}^{\infty}\frac{J_{2x}’(\theta)J_{2x}’’(\theta)}{J_{2x}(\theta)}$ , $N( \theta):=\sum_{x=1}^{\infty}\frac{J_{2x}^{\prime’ 2}(\theta)}{J_{2x}(\theta)}$
$\text{ ^{}\#}\mathfrak{B}\text{ }$ . $J_{2x}(\theta)\mathrm{B}\mathrm{s}$
$4x^{2}- \theta^{2}=\theta\frac{J_{2x}’(\theta)}{J_{2x}(\theta)}+\theta^{2}\frac{J_{2x}’’(\theta)}{J_{2x}(\theta)}$
(4.3)(4.4)(4.5)
$M( \theta)=\frac{1}{\theta}-\frac{J_{1}(\theta)}{2}-\frac{L(\theta)}{\theta}$ , $N( \theta)=-\frac{J_{0}(\theta)}{2}+\frac{J_{1}(\theta)}{\theta}+\frac{L(\theta)}{\theta^{2}}$
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.
$I_{2}(\theta)=(\begin{array}{ll}\frac{Q(\theta)}{J_{0}(\theta)} \frac{2J_{0}(\theta)-Q(\theta)}{\theta J_{0}(\theta)}\frac{2J_{0}(\theta)-Q(\theta)}{\theta J_{0}(\theta)} \frac{Q(\theta)}{\theta^{2}J_{0}(\theta)}\end{array})$
.
$Q(\theta)$ :=Jl2(\mbox{\boldmath $\theta$})+2J0(\mbox{\boldmath $\theta$})L(
. $g(\theta)=\theta^{2}$ (2.1) 2 Bhattacharyya $B_{2}(\theta)=4\theta^{2}$
. (4.4) $\hat{g}(X)=4X^{2}$ g( , (4.5)






. $-\cdot\cdot--$ - $-\theta$











$f$ (x, $\theta$) . $f$ (x, $\theta$) $=f(x-\theta),$ $\mathcal{X}=\Theta=\mathbb{R}^{1}$
. (2.2) Bhattacharyya .
$f,$ $g,\hat{g},$ $a_{k}|$. . $h_{i}(u):=$ (-l)if (u)/f(u) ,
$\tilde{h}_{k}(u):={}^{t}(h_{1}, \ldots, h_{k})(u)$ ,
$h_{ji}(u):={}^{t}(h_{i},h_{i}^{(1)}, \ldots, h_{i}^{(j-1)})(u)$ ,
$\tilde{a}$k $(\theta):={}^{t}(a_{k1}, \ldots, a_{kk})(\theta)$,




. , (5.1) $f$ ,
$A_{k}:=\{\tilde{a}_{k}(\cdot)|\exists\theta_{0}\in \mathbb{R}^{1}\mathrm{s}.\mathrm{t}$ . $|$ $(\overline{a}_{k}(\theta_{0}), \ldots,\overline{a}_{k}^{(k-1)}(\theta_{0}))|\neq 0\}$
,
$\mathcal{L}B$k $:=$ { $f(\cdot)|\exists\hat{g}(\cdot),$ $\exists$g(.), $\exists\tilde{a}k(.)\in A_{k}\mathrm{s}.\mathrm{t}$. $(5.1)$ is satisfied for all $x,$ $\theta\in \mathbb{R}^{1}$ }
. , $h_{i}$ $(k+1)$
$(5.2)_{i}$ $|$ (h7 $1$ )$+1$ , $i$ (u), $a_{k+1,1}(\theta_{0}),$ $\ldots,$ $a_{k+1,k}(\theta_{0}))|=0$,
(5.3) $|(zk+1, a_{k+1,1}(\theta_{0}),$ $\ldots,$ $a_{k+1,k}(\theta_{0}))$ $|=0$
. $zk+1:=$ (z, $Z_{\rangle}^{2}\ldots,$ $z^{k+1}$ ) . , .
$F_{k:}:=$ { $f(\cdot)|$ (5.2$)_{i}$ is satisfied for all $u\in \mathbb{R}^{1}$ }.
, 4, 5 .
4 $\mathcal{L}B_{k}\subset\bigcap_{i=1}^{k}F_{ki}$ .
5 $f\in \mathcal{L}B_{k}$ $h_{1}$ .
$h_{1}(u)=\{$
$H_{1}+H_{2}u$ (5.3) 0 ,
$H_{1}+H_{2}e^{z_{0}u}$ (5.3) 0, $z0,2z0,$ $\ldots,$ $kz0$ 5
$H_{1}$ .
$H_{1},$ $H_{2}$ , 0 .
5 .
5(Tanaka $[\mathrm{T}03\mathrm{b}],$ [T03c]). Bhattacharyya ,
.
$f(x, \theta)=\frac{1}{\sqrt{2\pi}b}\exp\{-\frac{(x-\theta-a)^{2}}{2b^{2}}\}$ $(x, \theta\in \mathbb{R}^{1};a\in \mathbb{R}^{1}, b>0)$ ,
$f(x, \theta)=\frac{|b|}{\Gamma(a)c^{a}}\exp\{-\frac{e^{b(x-\theta)}}{c}$ %ab(x $\mathrm{J}$) $\}$ $(x, \theta\in \mathbb{R}^{1};a, c>0, b\neq 0)$ .




$f(x$ , , $f$ (x, $\theta$) $=f(x/\theta)/\theta,$ $\mathcal{X}=\Theta=(0_{\grave{l}}\infty)$
. $y:=\log x$ , $\sigma:=\log\theta$ ,
(Ferguson [F62] ).
6(Tanaka $[\mathrm{T}03\mathrm{b}],$ [T03c]). Bhattacharyya ,
( ) .
$f(x, \theta)=\frac{1}{\sqrt{2\pi}bx}\exp$ { $\frac{1}{2b^{2}}$ $( \log\frac{x}{\theta}-a)^{2}\}$ $(x, \theta>0;a\in \mathbb{R}^{1},b>0)$ ,
$f(x, \theta)=\frac{|b|}{\Gamma(a)c^{a}\theta}(\frac{x}{\theta})^{ab-1}\exp\{-\frac{1}{c}(\frac{x}{\theta})^{b}\}$ $(x, \theta>0;a, c>0, b\neq 0)$ .
, , $\log\theta$ $k$
, ( ) $\theta^{b}$ $k$ .
2 5, 6 , ( ) Seth [S49], Shanbhag
[S72] . , Bhat-
tacharyya .
3 $n(\geq 2)$ . ,
1 . Takeuchi [T73] , UMVU
, , ,
1 . $f$ (x, $\theta$ ) $=$
$C\exp\{-(x-\theta)^{4}\}(x\in \mathbb{R}^{1}; \theta\in \mathbb{R}^{1})$ . , [T73] 5
.
6
Bhattacharyya (i) , (ii)
( ) . (i)
Bhattach \Sigma \mbox{\boldmath $\theta$} , ,
. , ,




, . , 4
, . , Bhattacharrya
, $\overline{a}_{k}\in A_{k}$ ,
. $f(x$ , (A5) .
Bhattacharyya . (
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